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Outline

This lecture introduces basic concepts and results on Lyapunov stability of
nonlinear systems.

e Background

Lyapunov Stability Definitions

Lyapunov Stability Theorem

Lyapunov Stability of Linear Systems

Converse Lyapunov Function

e Extension to Discrete-Time System
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e Background

e Lyapunov Stability Definitions

e Lyapunov Stability Theorem

e Lyapunov Stability of Linear Systems
e Converse Lyapunov Function

e Extension to Discrete-Time System



What is Stability Analysis?

-® system asymptotic behavior (not too much about transient)

- ® ability to return to the desired asymptotic behayior (not just convergence)

unstable olm(fbr;m _

:{\ e ¢ ﬁ?
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General ODE Models for Dynamical Systems
cort-sue trn o Totler o0 M R
® ODE: & = f(x,u), with 2(0) = x¢
-z e X CR": state
-fweld CR™: control input
-/f): R" x R™ — R™: (time-invariant) vector field

® System output y = g(z, u) 2 oty (aw
X W =
e Control law: p: X = U (o — " (irx)

® (Closed-loop dynamics under u: &= flz,p(z)) = dDSeo(~Lo’P o{J‘l‘m!cs

: -
T
® Autonomous system: ’
. h
W'th z(0) = xo s 57" (1)
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Example: Pendulum

olompy

® Pendulum with driving force} g = A}—lpzﬂ # Cjovil u f 4 sin 6

=let M=l L= =0, x=p

N L
D) X [‘;‘]_ [_ﬂz_m%u _J;‘Wx.]é- o u

‘—‘)m‘Fﬂ‘ fijlro?-eb. :f:o'(uudanl,.d)’ @ r,a;,:|

B \ =SiAx1 @
j\_/

Background Advanced Control for Robotics Wei Zhang (SUSTech) 6 /36


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang


wei zhang



Examples: Adaptive Control

® (Closed-loop dynamics under adaptive control:

{y =y +4)
lat~ = —kylk)=¢?
Y k, i . T Y/ Y
e | T‘LL Linewr camin( (0w
J k Yoyt | u= _";@

Closed- Lo!r dymm s: K=Y, = k.

X= {—(w)

\\ {’Xl {xl ~0%) \/_/j“\ 43 s o es 1 s
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Equilibrium Point of Dynamical Systems

49
Definition 1 (Equilibrium Point).
A state 2™ is an equilibrium point of system (1) if once x(t) = z*, it remains
equal to z* at all future time. =9 ok de equilt brium

® Mathematically: f(z*) =0
® E.g undamped pendulum with no driving force:

/'X:.[’XL ‘Tz
-GN

-+ ‘GM elu] L]Lvium_-

= AKN=09 | x.
> simx..—.aj_; x=
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Invariant Set of Dynamical Systems

Definition 2 (Invariant Set). ()E:-f(x)

A set E is an invariant set of system (1) if every trajectory which starts from a
point in E remains in F at all future time.

e Mathematically: If z(ty) € E, then z(t) € E, Vt > t, f)‘c-[ X -fx.xj

® E.g: closed-loop dynamics under adaptive control: 2
4 |
j=y+u ( T
w=—ky k=y> | ‘S(X)‘ ‘ﬁ =0 , %
’awml et Sek E ealu. briunm st tuibt *"'J,

(> ° \\'
a ™ I( amle (foo, 0y 29

D |e 0, ) > €0

69 n0x) <o : K %

. aluilibr?uw Pt £0¢) ne) = o \
N\
) E =yxet*: q.=§*’
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Outhne - 5“'@(.{3 . alpic (T%EULHM,M

- a.b:lH@ to sﬁj close

T Ve
o Lyapunov Stability Definitions ,_,lw' (ibiam
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Lyapunov Stability Definitions (1/2) ™ C:’_“}::":Z(;z’f; -
I “lJa

Consider a time-invariant autonomous (with no control) nonlinear system:

mdldd wi libvium ~ net
mwith LCn(0) = w0 o [y e X

pSUIAS, 0 ot the orgin
~elR’ /) defme &= e o
® Assumptions: (i) f Lipschitz continuous; (ii) origin is an isolated equilibrium
— —g . —
f(0)=0 Y oxistraeg L uniquenss =} ot Aohzo

® Stability Definitions: The equilibrium 2 = 0 is called
- stable in the"sense of Lyapunov: if
<« 0 b .
e g & OJui i Phan =% s n®
oY doe € M e s 0,30 >0, s.t. [2(0)]| <= [lz(t)]] < e VE>0 x)

s

€20 owjument .
- objecte - Bty €50,

Z

Lyapunov Stability Definitions

emurg, Xl € £ , o all +

owr cholce - scltcﬁk‘j-}qr-h‘al Stto o)

s*fr.l,rhh o djtetin Can b ensurd ™ Aorshy T.c.
s“ﬁ“r"ﬂj smel|.
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Lyapunov Stability Definitions (2/2)
doe
ﬂ— Wble if it is stable and § can be chosen so that

(
A o [=(0)] <0 :(m{t! —0ast— oa conisence

- exponentlally stable if there exist positive constants J, A, ¢ such that

@ lz(t)]| < ellz©)]le™,  V]jz(0)] <§)
- globally asym Q otlcally/e xponentially stable if the above conditions holds for
S > 9>0 OA s @ E.Q.

5(05‘(

'ltRegion of Attraction: Ra = {x € R": whenever 2(0) = x, then x(t) — 0}

Q-lmHJ aspm stble =) Ry =
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Stability Examples using 2D Phase Portrait (1/2)

® Undamped pendulum with no driving—furcc .

o)
(o) (5107

® (Closed-loop dynamics under adaptive

control:
y=ytu .k
w=—ky 9=y
H] e
| e 27 ]

15 -1 05 0 05 1 15
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Stability Examples using 2D Phase Portrait (2/2)

Does attractiveness implies stable in Lyapunov sense? Aﬁ"f st

: 2 2

. rp =y —X

® Answer is NO. e.g.: < ! 2
To = 2x122

® By inspection of its vector field, we see that
z(t) — 0 for all z(0) € R?

® However, there is no d-ball satisfying the
Lyapunov stability condition

Lyapunov Stability Definitions Advanced Control for Robotics

0 st owvesne .
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QOutline

e Background

Lyapunov Stability Definitions

e Lyapunov Stability Theorem

Lyapunov Stability of Linear Systems

Converse Lyapunov Function

Extension to Discrete-Time System



How to verify stability of a system? (1/2)

® Find explicit solution of the ODE z(t) and check stability definitions
- typically not possible for nonlinear systems eq-{xﬁ)a e"’%

® Numerical simulations of ODE do not provide stability guarantees and offer
limited insights

® Need to determine stability without explicitly solving the ODE

® Preferably, analysis only depends on the vector field

36
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How to verify stability of a system? (2/2)

® The most powerful tool is: Lyapunov function

® State trajectory x(t) governed by complex dynamics in R™
XG)= f(xm)
T

® | yapunov function V { R” — R maps z(t) to a scalar function of time
V(x(t)) Sealowr VE-

\\/’(_@ o) \./(90*))= %_\/(m)) = a(\/(D) «

® |f the function is designed such that: [z(t) — equilibrium] < [V (z(t)) — 0].
Then we can study V(z(t)) as function of time ¢ to infer stability of the state
trajectory in R”. -
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Sign Definite Functions

Assume that 0 € D C R"
X

e’
® g: D — Ris called positive semidefinite (PSD) on D iflg(()) = 0)and

g(x) >0,Yx e D
- For quadratic fun%xTP ; [gis PSD] < [P is a PSD matrix]
. 3 2;1 S ————
IR0 D )
® g: D — Ris called positive definite ) on D if@(0) = 0 and
g(x) > 0,¥x € D\ {0}

- Similarly, if g(z) = 27 Pz is quadratic, then [g is PD] < [P is a PD matrix]

® g is negative semidefinite (NSD) if —g is PSD

: R" — Ris radically unbounded if g(x) — oo as [|z|| — oo

o aans
‘_\I : E 3 A It eratb webbescleq
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o . W(x) = FsD
Lyapunov Stability Theorem x ity dfjereticbie @i@bﬁ@

[Lyapunov Theorem]:
origin. If there exists a

V(o) :%)T @ [[

t D C R™ be a set containing an o neighborhood of the
function V : D — R such that /4 the wlng Dj» v M&s E

| obserable onditim °/ Gpe ""’*3“"'\7 ‘nﬂlmtrfullj(?))

V! fo E Vi) (4)
then the origin is stable. If in addition a ) VJ Le ferint: v
Ve
(5)

¢
V..Iu V ol
st-&e iy 5*W'U|IJ

then the origin is asymptotlcally stable.

Remarks:

-e A PD C! function sat|sfy|n (4 will be called a Lyapunov function

® Under condition (5), if 1_is also radially unbounded

= globally asymptotically stable
— NN\

GAS.
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Proof of Lyapunov Stability Theorem (1/3)
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Proof of Lyapunov Stability Theorem (2/3)

Sketch of proof of Lyapunov stability theorem:

® First show stability under condition (4):

Define sublevel set: Q = {z € R" : V(z ) b}. Condition (4) implies V' (z(t))
nonincreasing along system trajectory = If 2(0) € Qs, then z(t) € Q, Vt.

Given arbitrary € > 0, if we can find §,b such that B(0,d) C Q, C B(0,€). Then
the Lyapunov stability conditions are satisfied. Below is to show how we can find
such b and 4.

V' is continuous = m = min| ;= V() exists (due to Weierstrass theorem). In
addition, V is PD = m > 0. Therefore, if we choose b € (0, m), then
Qy, € B(0,¢).

V(z) is continuous at origin = for any b > 0, there exists § > 0 such that
|[V(z) = V(0)] = V(z) < b,Vx € B(0,0). This implies that B(0,5) C Q.
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Proof of Lyapunov Stability Theorem (3/3)

® Second, show asymptotic stability under condition (5):

We know V' (z(t)) decreases monotonically as ¢ — oo and V (z(t)) > 0, Vt.
Therefore, ¢ = limy_, o V(x(t)) exists. So it suffices to show ¢ = 0. Let us use a
contradiction argument.

Suppose ¢ # 0. Then ¢ > 0. Therefore, z(t) ¢ Q. = {x € R" : V() < ¢}, Vt.
We can choose 3 > 0 such that B(0, 3) C €. (due to continuitiy of V' at 0).

Now let @ = —maxg<|z|<e V(x). Since V is ND, then a > 0

V(z(t)) = V(z(0)) + fot V(z(s))ds < V(x(0)) — a -t < 0 for sufficiently large .
= contradiction!
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Stability Analysis Examples (1/2)
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| 4 B9
T1 = —T1 +T1Z2
o

® Can we find a simple quadratic Lyapunov function? First try: V(x) M

O v is ep.
@ Luk) = -2 ((fx\_-@)z-ﬂ) B ANV

® |n fact, the system does not have (globa po ynomlal Lyapunov functiop. But
it is GAS with a Lyapunov function (z) =1 + 23) + 23. &
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Stability of Linear Systems X Avt8u

Consider autonomous linear system: @ = f(x) = Aux. / M‘-‘j‘t“(a( Solution
® Recall solution to the linear system: z(t) —m@
A~ ~—_
TR Isketed oquilivrinm .
nIy possible equilibrium is origin z =0 | "_f(xro ) l‘\‘X=0
R 15 A's s, Nﬂl((A) s th( - f A s 1osiuar ) x=0

\Fact Origin asympt. stable I i) < 0 for all eigenvalues \; of A )
FMM $s=lated qm\.\mum- = o )

Far;mllm-bj emaioler q,cwru wsl when A o()gqahzaéle
A=ToT ™" whan 0— ] ,7 f B <o della

D M T""r\:\[@- 1 9"“’"““*’3*6 o

oM QA op) =5 0 expeneatiall
® Discrete time system: z(k + 1) = Ax(k

i = ‘
: is asymp. stable iff elg(A) insi

unit circle eﬁ &_ QIR
NG
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BV 2EN Ax = @PA] hx =2 px - @
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or ea[a.im(el"‘a i V(’KF’)): 0.(7[7')( + ')(T"O'( PTA)?r

= XApa+ ¥ Ax < o (At pay v - )
R A=A s, O
=  APAK = AT x
Stalar
(A FEp > tThax = 297 PAx 9 B= 0

= VisLE, i pum oy NP+ P4 5 D
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Stability Conditions for Linear Systems

Theorem 2 (Stability Conditions for Linear System).

For an autonomous Linear system & = Ax. The following statements are equivalent.

® System is (globally) asymptotically stable
- 2 —fvf‘ (ot sy.(‘ﬂ”l

® System is (globally) exponentially stable

[!m/{ZX
® Re()\;) < 0 for all eigenvalues \; of A lie va Ofeén (ef{ lef Phﬂ(
oL HF
® System has a quadratic Lyapunov function o o x

] OFor any symmetrlc Q > 0, there exists a symmetric P > 0 that solves the following

Lyapunov equation: —~ Qaro i vy
e e ——
( PA+ ATP

< H
and V(z) = x* Px is a Lyapunov function of the system P it vartaby
be salypy
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Outline

e Converse Lyapunov Function

- Br falingvr fys . 3 V = Sobi ity (sefgicias mdiga)
.:-1 \/ (.é'.
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When There is a Lyapunov Function?

® Converse Lyapunov Theorem for Asymptotic Stability

origin asymptotically stable; V is continuuos and PD on R4
f is locally Lipschitz on D = dVst.{ LV isND on Ra
with region of attraction Ra V(z) = 0o asz — ORa

Owae escle Chok M met constuct e

® Converse Lyapunov Theorem for Exponential Stabilit

¢ ble on D)
{O;'g'“c‘iXpWMa eon — JanELF V on D
IS .

® Proofs are involved especially for the converse theorem for asymptotic
stability

* IMPORTANT: proofs of converse theorems often assume the knowledge of
system solution and hence are not constructive.
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Outline

e Extension to Discrete-Time System
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What about Discrete Time Systems?

® So far, all our definitions, results, examples are given using continuous time
dynamical system models.

® All of them have discrete-time counterparts. The ideas and conclusions are
the "same” (in spirit
(in spirit) isooted
® For example, given :;g;g_rlgfous discrete-time system: z(k + 1) :@x(k))
with f(0) = 0 (origin is aa equilibriom).
- Rate of change of a function V(z) along system trajectory can be defined as:

'(?r, L V(uE(?_;’)T{m AV(@) & V(f(z)) - V(‘%é VCrlet)) -V x(e)

- Asymptotically stable requires: . é(:‘[’?’;h'f:“ peharigr of X SHOWS “p v

VisPD  and (A;is ND Aqo<e fora

- Exponentially stable requires: L—j’-\/ "(G‘K./,Jp}

kEi||z||* < V(z) < ko||z]|® and AV (z) < —ksV(z)
LA
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Concluding Remarks

We have learned different notions of internal stability, e.g. stability in
Lyapunov sense, asymptotic stability, globally asymptotic stability (G.A.S),
exponential stability, globally exponential stability (G.E.S)

Sufficient condition to ensure stability is often the existence of a properly
defined Lyapunov function

Key requirements for a Lyapunov function:

- positive definite and is zero at the system equilibrium
- decrease along system trajectory

For linear system: G.A.S & G.E.S < Existence of a quadratic Lyapunov function

The definitions and results in this lecture have sometimes been stated in
simplified forms to facilitate presentation. More general versions can be
found in standard textbooks on nonlinear systems

Next—tectuke: Semidefinite Programming and computational stability
- — e
analysis

-
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